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IS literature has examined social networks from the perspectives of advertisement targeting, impact of

central nodes and network characteristics on information diffusion. As a result, paid ad campaigns are not

well understood and there is uncertainty with respect to how much an advertiser should spend and for how

long, particularly as advertisers may control spending across the campaign duration. This paper attempts to

fill this gap and analyzes the optimal advertising strategy for firms on Facebook. Results indicate there are

distinct regions where Facebooks revenue decreases as sharing increases, just as there exist regions where

Facebook’s revenue increases with sharing. This leads us to examine the possible causes behind advertiser

spending behavior, and the explanation as to why viral views might both complement and substitute for ad

spending.
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1. Introduction
For any firm, how much to spend on advertising and when to spend on it are two major concerns.
The largest spending that the advertiser invests in is media purchase, and it is important that
media is effectively bought and utilized. With the advent of social networking websites, advertising
theories have undergone changes and traditional advertising models need to be modified in order
to cater to the diverse users of social media websites.

In 2010, 20 percent of all the time spent by people of U.S. online was on Facebook (ComScore,
2011). When the first social media websites started, the focus for advertisers was to increase brand
awareness (Corcoran et. al. 2009). Research in recent years has shown, however, that advertisers
would do well to emphasize on paid advertising (Bakshy et. al. 2011) and that to be able to increase
sharing, an advertiser might have to compromise on commercial effectiveness of the ad (Tucker
et. al. 2011). In fact, according to the EContent Magazine’s 2011 report, social media advertising
spending has gone up from 350 million dollars in 2006 to 2,700 million dollars in 2011.

For long, IS literature has explained viral characteristics of social networks using network models
(Susarla et. al. 2012). This paper contributes toward the IS literature, instead, by modifying the
original Vidale-Wolfe model to incorporate the phenomenon of virality or sharing on social media
websites, particularly on Facebook. As a result of this unique characteristic, advertisers are able
to recieve free impressions through shares that changes the optimal advertising strategy of the
advertiser as well as spending behavior for advertisers depending on whether sharing increases or
decreases on Facebook.
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The paper addresses two research questions. First, we study the optimal advertising strategy for
advertisers on Facebook. Second, we analyze the variation of advertising spending with respect to
viral views of an advertisement on Facebook.

The contributions of this paper to literature are multi-fold. On the one hand it analytically
attempts to characterize the optimal strategy for advertising online in the social network websites
like Facebook. The analysis takes into account the sharing phenomenon on Facebook where a
consumer not only generates revenue for the advertiser but also can endorse the advertiser by
sharing ads among their friends.

On the other hand, another important contribution of this work is to be able to combine direct
and word-of-mouth advertising effects and study their impact on the social network’s revenues.
The paper moves away from the much researched area of ad-targeting and goes a step further to
see what happens once targeting is done and the advertiser needs to schedule the campaign. The
difference in a social network is that, while in a traditional ad-campaign, the advertiser launches a
campaign and lets it run for the entire duration of the campaign, on Facebook, the advertiser can
observe the exact impact of the campaign through the “share” feature so that the advertiser can
modify her campaign policy by the day, if she so chooses.

Thirdly, the paper observes that as number of viral views increases, advertising spending may
increase or decrease depending upon the type of the advertiser and their advertising maximizing
objective.

2. The Model
While an advertiser can choose to advertise in different ways on Facebook, for this problem we
examine advertising with fixed CPM and campaign duration T . As a result, the advertiser pays a
fixed price per thousand impressions, and the total number of impressions of the ad shown during
the campaign duration may be considered as the exposure of the ad to the market.

The number of customers for the advertiser that generate revenue are denoted by x(t) and can
be also called customer conversions.

Impressions can be from three sources: direct, from engaged users and viral impressions.
A direct impression is one that is a result of advertising spending. Customer conversions change

with time as a function of the unexposed market. If k1 is the coefficient of conversion from a direct
impression, the rate of change of customers from direct impressions which the advertiser has paid
for may be denoted by k1a(1− x) where the unexposed market may be normalized to 1 as in the
original Vidale-Wolfe equation.

When a customer views an ad and clicks on it to subscribe to the advertiser’s brand page on
Facebook, she is said to be an engaged user who receives updates from the advertiser and is more
likely to create value for the advertiser.

All users who are fans of the advertiser’s Facebook page receive the advertisement although
these impressions are not charged by Facebook. Since these impressions occur only when there is
advertising spending, but don’t cost the advertiser anything, these impressions or organic views
may be considered a component of k1 in the above equation.

Engaged users, be it from the direct impressions or those who were previously engaged, have the
ability to share the ad content, creating further impressions on Facebook that are free to the adver-
tiser. These additional free impressions created by engaged users are called viral impressions and
may be denoted by the additional component that captures rate of change of customer conversions
with time from viral impressions, denoted by k3ṡ where s(t) is the number of viral impressions and
k3 is the coefficient of customer conversion from shares.

Meanwhile, the effective number of customer conversions decreases as some engaged users forget
about the brand. This concept of forgetting is a traditional advertising concept also present in the
Vidale-Wolfe advertising model (1957). Forgetting in this context implies customers who have been
inactive with the brand for a given period of time, or who have not purchased any product from
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the brand in a certain amount of time or even customers who “unlike” the brand’s Facebook page.
Therefore, we may now quantify the rate at which customer conversions x(t) changes with time

as

ẋ= k1a(1−x) + k3ṡ− k2x (1)

In this, our model is different from previous research, in particular the Vidale-Wolfe model of
advertising because we capture the element of viral and organic impressions in our state equation.

The rate at which number of engaged users y(t) changes with time may be denoted by the
following equation 2

ẏ= k5ẋ (2)

Finally, the viral impressions s(t) vary with engaged users y(t) with time as equation 3 where
k4 is the sharing intensity, or the likelihood of sharing that is intriinsic to the ad itself. In other
words, k4 depends on the content of the ad nd therefore how likely it is to be shared.

ṡ= k4ẏ (3)

The control a(t) is the advertising spending and 0<a(t)< 1. We can now write the optimization
problem we are trying to solve as:

J =max

T∫
0

(α1x−α2a)dt+α3xT (4)

subject to the state equations:

ẋ= k1a(1−x) + k3ṡ− k2x (5)
ẏ= k5ẋ (6)
ṡ= k4ẏ (7)

and initial conditions:

x(0) = x0 (8)
y(0) = y0 (9)
s(0) = s0 (10)

Eliminating ẏ and ṡ from the state equations, we have the reduced state equations as:

J =max

T∫
0

(α1x−α2a)dt+α3xT (11)

s.t.
ẋ= β1a(1−x)−β2x (12)

Solving for the optimal control policy for the above problem using the Pontryagin’s maximum
principle, we have the following steady state solution as in equation 2

x̂= 1−

√
α2k2

(α1)k1
(13)
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λ̂=

√
α2(α1)

k2k1
(14)

â=
k2(1−

√
α2k2
α1k1

)

1−
√

α2k2
α1k1

(15)

Let the time at which the control switches to steady state be τ and the time at which the control
exits steady state be θ. These are the two switching times.

There exist two possible cases for the control a(t):

2.1. Case 1: 1-SS-0
The first case is the 1-SS-0 control where x0 ≤ x̂ and xT ≤ x̂ (Figure 1)

Figure 1 The 1-SS-0 case

x(t) =


x0 + ( k1

k1+k2
)(1− exp(− (k1+k2)t

1−k3k4k5
)) if 0< t< τA.

1−
√

α2β2
(α1β1

if τA < t< θA.

(1−
√

α2k2
α1k1

)(exp( (k2)(θ−t)
1−k3k4k5

)) if θA < t< T .

(16)

Where

τA = (
k3k4k5− 1

k1 + k2
) ln(1− (1 +

k2
k1

)(1−
√
α2k2
α1k1

)−x0) (17)

θA = (
k3k4k5− 1

k2
) ln(exp(− (k2)T

1− k3k4k5
) + (

k2
α1(1− k3k4k5)

)(

√
α2k2
α1k1

−α3exp(−
(k2)T

1− k3k4k5
))) (18)
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2.2. Case 2: 0-SS-0
The second case is the 0-SS-0 case where x0 ≥ x̂ as shown in Figure 2

Figure 2 The 0-SS-0 case

x(t) =


x0exp(− k2t

1−k3k4k5
)) if 0< t< τB.

1−
√

α2β2
(α1β1

if τB < t< θB.

(1−
√

α2k2
α1k1

)(exp( (k2)(θ−t)
1−k3k4k5

)) if θB < t< T .

(19)

Where

τB = (
k3k4k5− 1

k2
) ln(

1

x0

(1−
√
α2k2
α1k1

)) (20)

(21)

θB = θA = (
k3k4k5− 1

k2
) ln(exp(− (k2)T

1− k3k4k5
) + (

k2
α1(1− k3k4k5)

)(

√
α2k2
α1k1

−α3exp(−
(k2)T

1− k3k4k5
)))

(22)

2.3. Advertiser’s customers at T
We also calculate x(T )

x(T ) = (1−
√
α2k2
α1k1

)exp(− ln(exp(− (k2)T

1− k3k4k5
)+ (23)

(
k2

α1(1− k3k4k5)
)(

√
α2k2
α1k1

−α3exp(−
(k2)T

1− k3k4k5
)))− k2

1− k3k4k5
T ) (24)
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Thus advertisers with less than x̂ customers will follow the 1-SS-0 policy, while those with more
than steady state customers will follow the 0-SS-0 policy.

2.4. Advertiser spending
The advertiser spending function C is as follows:

C(T ) = α2

T∫
0

adt (25)

3. Results
From the analysis of the optimal control model above, we can conclude that the behavior of adver-
tising depends on the size of market exposure the advertiser starts out with. We can also conclude
that steady state exists for the above model, and hence we have the following result:

Proposition 1. There are two possible cases for an advertiser to pick her policy from:
1. 1 - SS - 0 case: The advertiser has less than x̂ customers and exercises full advertising effort at
a= 1 until time τA after which it enters steady state and advertises at â. From θA to T advertiser
exerts no advertising effort for a= 0.
2. 0-SS-0 case: The advertiser has more than x̂ customers and exercises no advertising effort at
a= 0 until time τB after which it enters steady state and advertises at â. From θA to T advertiser
exerts no advertising effort for a= 0.

We also conduct a sensitivity analysis of residual salvage value of customers with respect to k4.

Proposition 2. The rate at which the final effective customer conversions varies with k4 is
always negative, i.e. ∂xT

∂k4
< 0 which implies that as sharing increases, the lifetime value of customers

always decreases.

Proposition 2 indicates that at the end of the campaign duration, the lifetime value of customers
will always be less if there is increased sharing. This is a counter-intuitive result because one would
assume that sharing will be benefitial to the advertiser as a larger market is exposed to the ad and
therefore, lifetime value of customers should increase.

However, we find that this is not the case. This may be explained by the observation that as k4
increases, the forgetting coefficient, β2 also increases. This means that while more people view the
ad, customers also forget faster. As a result, if k4 is too high, more customers will forget the brand,
thus leaving the advertiser with fewer customers with a lifetime value at the end of the campaign.

This can be attributed to a characteristic of social network users, who primarily wish to engage
in social activities and donot like to see too many advertisements. If the advertiser’s ad is shared
at a very high rate, Facebook will target friends of existing customers on the network, who will in
turn share it, so that the customers already engaged and generatiing revenue will view the same
ad multiple times. As a result, they will “unlike” the advertiser’s page which can be likened to
forgetting, thus contributing to an increased forgetting rate.

3.1. Advertiser spending w.r.t. k4 when β2T >> 0
From equation 15 we find the steady state advertising spending â does not vary at all with k4 or
∂â
∂(k4)

= 0

3.1.1. Case 1: 1-SS-0 for β2T >> 0 Under the 1-SS-0 case, we have the following expenditure
function for the advertiser from equation 25:
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C(T1) = α2(τA(1− â) + θAâ) (26)

By solving for ∂C(T1)

∂k4
we have proposition 3:

Proposition 3. Substitute Rule in 1-SS-0 when β2T >> 0:
In the 1-SS-0 case, the advertiser’s expenditure always decreases as sharing increases, or ∂C(T1)

∂k4
< 0

for all possible values of τA and θA and 0 < k4 <
1

k3k5
(1−

k2

√
α2k2
α1k1

α1
). This implies that under the

1-SS-0 case, sharing substitutes for advertiser spending.

From proposition 3 it is evident that the advertiser starts the campaign at x0 < x̂, as they increase
sharing their spending decreases. This implies that as sharing goes up, the time τA decreases, so
that the advertiser spends less time expending full effort, and subsequently, moves into steady state
sooner. Since θA also decreases, the advertiser stops advertising sooner than with lower sharing, as
a result lowering overall expenditure.

3.1.2. Case 2: 0-SS-0 for β2T >> 0 Under the 0-SS-0 case, we have the following revenue
function for Facebook:

SinceθA = θB, (27)
C(T0) = α2(θA− τB)â (28)

Proposition 4. Substitute Rule in 0-SS-0:
In the 0-SS-0 case, advertiser spending decreases as sharing increases ⇒ ∂C(T0)

∂k4
< 0 for all possible

values of τB and 0<k4 <
1

k3k5
[1−

x0k2

√
α2k2
α1k1

eα1(1−
√
α2k2
α1k1

)

].

Proposition 4 is similar in nature to proposition 3. However, in proposition 3 sharing intensity
k4 could take all allowed values so that θA exists. In proposition 4, sharing intensity is required to
be much smaller than it’s allowed range for θA to exist.

Proposition 5. Complement Rule in 0-SS-0:
Advertising spending increases with sharing i.e. ∂C(T0)

∂k4
> 0 in the 0-SS-0 case for all possible values

of τB and 1
k3k5

[1−
x0k2

√
α2k2
α1k1

eα1(1−
√
α2k2
α1k1

)

]<k4 <
1

k3k5
(1−

k2

√
α2k2
α1k1

α1
) if and only if x0

x̂
> e.

Proposition 5 indicates conditions under which as sharing increases, advertiser’s expenditure also
increases. This is counter-intuitive as one can assume that if the advertiser receives free impressions,
they should decrease spending. However, this may be explained for companies that aim to maximize
revenue and do not have a fixed budget. Therefore, as sharing increases, more users are engaged
by the advertiser and the advertiser spends more in order to further boost exposure. This happens
when the advertiser achieves steady state in a very short amount of time, but does not leave steady
state at the same rate, as a result increasing the time spent in steady state, therefore increasing
advertising spending.

To summarize the 0-SS-0 case, when (x0
x̂
> e), k4 can take values as shown in Figure 3.

However, when (x0
x̂
< e), k4 can only take values shown in Figure 4.
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Figure 3 Values of k4 when x0
x̂
> e

Figure 4 Values of k4 when x0
x̂
< e

3.2. Advertiser spending w.r.t k4 when β2 ≈ 1
T

From equation 15 we find the steady state advertising spending â does not vary at all with k4 or
∂â
∂(k4)

= 0

3.2.1. Case 1: 1-SS-0 for β2 ≈ 1
T

Under the 1-SS-0 case, we have the following expenditure
function for the advertiser:

Proposition 6. Substitute Rule in 1-SS-0 when β2 ≈ 1
T

:

In the 1-SS-0 case, the advertiser’s expenditure always decreases as sharing increases, or ∂C(T1)

∂k4
< 0

for all possible values of τA and θA such that 0< k4 ≈ 1
k3k5

(1− k2T ). This implies that under the
1-SS-0 case, sharing always substitutes for advertiser spending.

3.2.2. Case 2: 0-SS-0 for β2 ≈ 1
T

Under the 0-SS-0 case, we have the following:

Proposition 7. Substitute Rule in 0-SS-0 when β2 ≈ 1
T

:
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In the 0-SS-0 case, advertiser spending decreases as sharing increases ⇒ ∂C(T0)

∂k4
< 0 for all possible

values of τB, k4 ≈ 1
k3k5

(1− k2T ) and k4 >
1

k3k5
(1−T

α1k1(1−
2x0
e +

(x0)
2

e2
)

α2
).

Proposition 7 is similar in nature to proposition 6. Proposition 7 indicates that in the interval

[ 1
k3k5

(1−T
α1k1(1−

2x0
e +

(x0)
2

e2
)

α2
), 1
k3k5

), as k4 increases, C(T0) decreases.

Proposition 8. Complement Rule in 0-SS-0 when β2 ≈ 1
T

:

Advertising spending increases with sharing i.e. ∂C(T0)

∂k4
> 0 in the 0-SS-0 case for all possible values

of τB, k4 ≈ 1
k3k5

(1− k2T ) and k4 <
1

k3k5
(1−T

α1k1(1−
2x0
e +

(x0)
2

e2
)

α2
).

To summarize the 0-SS-0 case, k4 can take values as shown in figure 5.

Figure 5 Values of k4 when β2 ≈ 1
T

4. Conclusions
This paper aims to determine what an advertiser’s optimal strategy on Facebook should be while
advertising in the presence of viral views. Unlike previous IS research in social networks, this paper
takes into account the impact that viral impressions has on advertising spending and therefore
Facebook’s revenue.

The findings of this paper indicate that while there are regions in which sharing complements
advertising spending, inducing the advertiser to spend more, there are also regions where, due to
sharing, advertisers decrease their spending. This implies that while Facebook gives away shares
for free, there might be an opportunity cost associated with it. The findings imply a further
examination into the sharing phenomena might be required to fully understand how Facebook can
make better use of the feature to increase advertiser spending.
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